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Assumption 1. The sample Sn = {Z1, . . . , Zn} contains n − nO
inliers drawn i.i.d. from P , and nO outliers, upon which no assumption
is made. Let ε = nO/n be the fraction of outliers among sample Sn.

Assumption 2. Let α : [0, 1/2] → [0, 1] be such that: ∀ε ∈ (0, 1/2),
2ε < α(ε) < 1. From mapping α, we define the following functions:

β : ε 7→ 2α(ε)
α(ε)− 2ε , γ : ε 7→

√
α(ε)(α(ε)− ε)
(α(ε)− 2ε) 3

2
,

Γ: ε 7→

√
α(ε)

α(ε)− 2ε , ∆: ε 7→
√
α(ε)
ε
.

Proposition 1. Let Sn and α, β, γ,Γ,∆ satisfying Assumptions 1 and
2 respectively. Then, for any δ ∈ [e−n/β(ε), e−nα(ε)/β(ε)], choosing
K = dβ(ε) log(1/δ)e, it holds w.p.a.l. 1− δ:

∣∣θ̂MoM − θ
∣∣ ≤ 4

√
eσ γ(ε)

√
1 + log(1/δ)

n
.

If in addition distribution P is ρ sub-Gaussian, then for all δ ∈
(0, e−4nα(ε)], with K = dα(ε)ne, it holds w.p.a.l. 1− δ:

∣∣θ̂MoM − θ
∣∣ ≤ 4ρ Γ(ε)

√
log(1/δ)

n
.

If furthermore nO ≤ COn
αO , the same K gives:

E
[∣∣θ̂MoM − θ

∣∣] ≤ 2ρ Γ(ε)
(

4CO
∆(ε)

n(1−αO)/2 +
√
π

n

)
.

For most α, we have γ(ε) ≤ 3
√

5/(1− 2ε)3/2 and Γ(ε) ≤
√

5/
√

1− 2ε.
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MoU in the presence of outliers
A U -statistic is the MVU estimator of E [h(Z1, . . . , Zd)]. It is given by

Ûn(h) = 1(
n
d

) ∑
1≤i1<...<id≤n

h(Zi1 , . . . , Zid).
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Proposition 2. Let Σ2(h) = d!
∑d
c=1

(
d
c

)
ζc(h), and M =

‖h(Z1, . . . , Zd)‖∞. Then, under the assumptions of Proposition 1, with
the same choices of K (and the same ranges of δ), we have wp.a.l. 1−δ:

∣∣θ̂MoU(h)− θ(h)
∣∣ ≤ 4

√
e Σ(h) γ(ε)

√
1 + log(1/δ)

n
,

∣∣θ̂MoU(h)− θ(h)
∣∣ ≤ 4

√
d M Γ(ε)

√
log(1/δ)

n
,

E
[∣∣θ̂MoU(h)− θ(h)

∣∣] ≤ 2
√
d M Γ(ε)

(
4CO

∆(ε)
n(1−αO)/2 +

√
π

n

)
.

The 2-sample U -statistic of degrees (1, 1) is defined as Ûn,m(H) =
1
nm

∑n
i=1
∑m
j=1 H(Xi, Yj). For IPMs, h(X,Y ) = supφ φ(X)− φ(Y ).

Results are similar to the ones in Propositions 1 and 2, but with the
following constants, and the notation ε̃ = εX + εY − εXεY .

Asm. Complete Diag.
None γ(ε̃) γ(εX + εY )

‖H‖∞ < +∞ ∅ Γ(εX + εY )
nO = O(nαO) ∅ ∆(εX + εY )
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MoM:          εX < 1/2, εY < 1/2
MoU:          εX + εY − εXεY < 1/2
MoU-diag:  εX + εY < 1/2

Outlier robust pairwise learning
Goal: g∗ = argmin

g∈G

{
R(g) = E [`g(Z,Z ′)]

}
(ranking, metric learning)

Approach: ĝMoU = argmin
g∈G

median
( ∑
i<j∈Bk

`g(Zi, Zj), for k ≤ K
)

Algorithm: adapted from Lecué et al. 2018

Theorem 1. Suppose that `g(Z,Z ′) < M , and that G has finite VC-
dimension. Under some technical assumptions taken from Lecué et
al. 2018, the output of Algorithm 1 run on a corrupted sample Sn
converges almost surely towards ĝalg, that satisfies w.p.a.l. 1− δ:

R(ĝalg)−R(g∗) ≤ 8
√

2M Γ(ε)
√

VCdim(G)(1 + log(n)) + log(1/δ)
n

.
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